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Abstract. Tight maps was introduced along tight homomorphisms 
by Burger, Iozzi and Wienhard with aims towards maximal repre- 
sentations. In this paper we classify all tight maps into classical 
Hermitian symmetric spaces and give a partial result for the ex- 
ceptional spaces. 



1. Introduction 

Let (Xi,Ui), % = 1,2, be Hermitian symmetric spaces of noncom- 
pact type paired with some choice of invariant Kahler forms. A map 
p : X\ — > X 2 is called totally geodesic if the image of a geodesic in X\ is 
a geodesic in X 2 . A totally geodesic map p: X\ — y X 2 satisfies 



(1.1) sup A ex 1 / p*W2 < sup A& x 2 / ^2 

J A J A 

where the supremum is taken over triangles with geodesic sides. We 
say that the map is tight if equality holds in (II. ip . 

Tight maps was extensively studied in [2] together with the notion 
of tight homomorphisms between Hermitian Lie groups. The latter 
is defined in greater generality but the case of Hermitian Lie groups 
was of special interest. The motivation for this is applications in the 
theory of maximal representations of surface groups. Let T be a surface 
group, Gi, G 2 Hermitian Lie groups and p: F — > G\ and /: G\ — > G 2 
homomorphisms. Assume that / is positive. Then / o p is maximal if 
and only if p is maximal and / is tight PQ. 

In [2] it was conjectured that a tight map p: X\ — > X 2 between 
irreducible spaces must be (anti-) holomorphic if X\ is of rank greater 
than one. It was also conjectured that p must be (anti-) holomorphic 
if Xi is not of tube type. Together these conjectures are equivalent to 
saying that p must be (anti-) holomorphic if X\ is not the Poincare 
disc. In this paper we prove this for X 2 classical. 

Theorem 1.1. Let X\ and X 2 be irreducible Hermitian symmetric 
spaces. Assume that X\ is not the Poincare disc and that X 2 is classi- 
cal. If p: X\ — >■ X 2 is a tight map, then it is ( anti- ) holomorphic. 

Together with previous results in [7], this yields a complete classifi- 
cation of tight maps from irreducible Hermitian symmetric spaces into 
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classical ones. We also get a partial result for the exceptional Hermitian 
symmetric spaces. 

Theorem 1.2. Let X' be the exceptional Hermitian symmetric space 
associated to the symmetric pair (e 6 (_i 4 ), so(10) + R). Further let X 
be an irreducible Hermitian symmetric space of rank at least two. If 
p: X — )• X is a tight map, then it is (anti-) holomorphic. 

2. Preliminaries 

2.1. Notation. We start by settling the notation that will be used 
throughout the paper. We denote by X Hermitian symmetric spaces, 
by G the identity component of the isometry group of X, by K the 
stabilizer of a chosen basepoint and by g the Lie algebra of G with 
Cartan decomposition g = t + p. We identify T X ~ p and we use the 
letters X, Y to denote either tangent vectors or elements of g. Further 
we use brackets (•, •) to denote the invariant Riemannian metric on 
X, normalized such that the holomorphic sectional curvature is —1, 
as well as the Killing form of g, it should be clear from the context 
which is meant. In the calculations we will make with the Killing 
form for matrix algebras we will be free to renormalize it, we will do 
this as (X,Y) = tr(X f Y) to make calculations simpler. The invariant 
complex structure on X is denoted by J and the element in the center 
of t inducing the complex structure on p by Z. We will denote by J 
the set of G-invariant complex structures on X, and by J a minimal 
subset with the property that J U — J = J . Finally, we denote by 
u the associated Kahler form defined by ui(X, Y) = (JX,Y). By the 
indexation it should be clear which spaces, groups etc. belong together. 
We say that a Lie group is Hermitian if it is the identity component 
of an isometry group of a Hermitian symmetric space of noncompact 
type or a finite covering group of such. 

2.2. Equivalence and equivalent formulations. A totally geodesic 
map px '■ X 1 X 2 correspond to a Lie algebra homomorphism p g : g! — > 
g 2 . In turn, a Lie algebra homomorphism lifts to a group homomor- 
phism p^ : Gi — > G 2 for some finite cover G\ of G\. This will allow us to 
treat the problem from three perspectives. We will denote by the same 
letter the corresponding maps and group and algebra homomorphisms. 
We will later give conditions for Lie algebra and group homomorphisms 
to correspond to tight maps. To avoid overuse of the phrase "corre- 
sponding to" we will talk about holomorphic homomorphisms when we 
mean that the corresponding totally geodesic map is holomorphic. We 
will also say that a Lie algebra is of tube type when the corresponding 
symmetric space has the property and say that maps and algebra homo- 
morphisms are positive when the corresponding group homomorphism 
is. 
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We say that two maps p, p : X\ — y X 2 are equivalent if there is a 
g G G 2 such that p = g ■ p . Two homomorphims p, p : gi — > Q 2 are 
equivalent if there is a g G G 2 such that p = Ad(g) ■ p . Finally we 
say that two homomorphims p, p : G\ — > G 2 are equivalent if there is 
a g G G 2 such that p = g ■ p . 

2.3. Outline of the proof. The main idea in the proof of Theorem 
11.11 relies on the following three facts. First, for compositions of ho- 
momorphisms h o / : g x — y g 2 — y g 3 we have, up to some technicalities, 
that h o / is tight if and only if both / and h are tight. Second, we 
know that we can tightly and holomorphically embed the Poincare disc 
into any Hermitian symmetric space. Third, the tight maps from the 
Poincare are fully classified with a quite explicit description in [2]. 

To prove Theorem 11.11 we consider the following composition p o 
l: su(1, 1) — > Qi — > g 2 where we have chosen i tight and holomorphic. 
We then have that p is tight if and only if p o i is tight. As p o i is 
a map from su(l, 1) to g 2 we can use the classification of tight maps 
from su(l, 1) to see for which p it is tight. In practice this is possible to 
calculate for Qi of low rank and 02 classical. We do these calculations 
for Qi = sp(4), sp(4) © su(l, 1) and su(2, 1) and conclude that if p is 
non- holomorphic pot will not be tight and hence p will not be tight. 
We choose these because from the classification of tight holomorphic 
maps in [7] we know that in each Hermitian Lie algebra except su(l, 1) 
we can tightly and holomorphically embed either sp(4), sp(4)(Bsu(l, 1) 
or su(2, 1). We will then consider factorizations p o r\ : Qi — )• g 2 — > q 3 
with q 1 being either sp(4), sp(4) ©stt(l, 1) or su(2, 1) and r\ a tight and 
holomorphic embedding. If p would be tight and nonholomorphic so 
would por\ be. This contradicts the previous calculation. This proves 
that all tight maps into classical Hermitian symmetric spaces must be 
(anti-) holomorphic. 

In section 3 we use continuous bounded cohomology to investigate 
when the composition of two maps is tight. In section 4 we recall some 
facts from representation theory that will be needed. In section 5 we 
do the calculations mentioned above for sp(4), sp(4) © su(l, 1) and 
su(2, 1). In section 6 we complete the proof of Theorem 11.11 

3. Continuous bounded cohomology 

In this section we recall some of the theory of continuous bounded 
cohomology. We will use this to answer questions concerning when the 
composition of two maps is tight. For a thorough review of the theory 
see [ID]. 

Let G be a locally compact second countable group and define C k (G, M) = 
{/: G k+1 — > R, / is continuous and bounded} . C k (G, R) is naturally 
equipped with the supremum norm. We define a G-action on C k (G, R) 
as follows (g ■ f)(g Q , ...,g k ) = fig^go, Denote by C k (G,R) G 
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the G- invariant elements of C k (G, R). These form a complex 



->■ C°(G,R) G -^ d ° C 1 (G,R) G C 2 (G,R) G ^ d2 ... 



where d k -if(go, 9k) = Ej=o (-ty'/G/o, 9j, flfc)- We define 
H* b (G,R) = Ker{d k )/Im(d k -i). 



The norm on C k (G, R) induces a seminorm on H k b (G,R) by 



1 1 [/]|| :=<*»/*=[,] II* 



For Hermitian Lie groups this is a norm [3]. A homomorphism p: G — > 
H between groups induces a pullback map between the cohomology 
groups p*: H k b (H,R) ->■ H k b (G,R), [f] i-)- [/op]. From the definition 
we see that this must always be norm decreasing. 

We will from here on restrict our attention to cohomology in degree 
two and to Hermitian Lie groups. Let G be a Hermitian Lie group and 
X the associated symmetric space. Then 



defines a cocycle, where A(g ^0) 9i x 0i fi^o) denotes the triangle with 
geodesic sides with corners giX for some point x e X. We will denote 
the corresponding cohomology class by kq- It is implicit in the defini- 
tion that kg depends on the complex structure J. We will sometimes 
use the notation kqj or write (G, J) for a group with a certain com- 
plex structure associated to it when the dependence is crucial. From 
the definition of this class we see immediatly that kg,-j — ~ k g,j- 

The norms \\k-gW were computed for the classical case in [5] and 
equals tgtt, where tq is the real rank of the group G. Another approach 
using the Maslov index in [1] covered the exceptional cases. 

Definition 3.1. Let p: G\ — > G2 be a homomorphism between Her- 
mitian Lie groups. We say that p is tight if ||/o*/c<? 2 || = II k g 2 ||- 

The following theorem from [2] allows us to translate results con- 
cerning tight homomorphisms to tight maps. 

Theorem 3.2. The homomorphism p: G\ — > G2 is tight if and only if 
the corresponding totally geodesic map p: X\ — Y Xi is tight. 

Let G — G\ x ... x G n be a decomposition of G into simple factors and 
X = X\ x ... x X n be the corresponding decomposition of the symmetric 
space into irreducible symmetric spaces. The complex structure J on 
X determines a complex structure J, on each X^ Recall that for an 
irreducible Hermitian symmetric space there are two possible choices 
of complex structure. We have, [2], 
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and with a slight abuse of notation we write k g ,j = Y2i K G;,Ji • The 
complex structure J for thus defines an orientation for each H^ b (Gi). 

Definition 3.3. We say that a class a 6 H^ b (G) is 

(1) positive if a = Pi^dji where pi > for all z = 1, ...,n, and 

(2) strictly positive if a = ^i K Gi,Ji where pi > for all i = 
1, ...,n. 

Definition 3.4. We say that a homomorfism p: G*i — > G 2 is (strictly) 
positive if p*kg 2 is (strictly) positive. 

In analogous way we also define (strictly) negative classes and ho- 
momorphisms. 

Lemma 3.5. // p: Gi — > G2 is holomorphic then it is positive. If it 
is holomorphic and corresponds to an injective map then it is strictly 
positive. 

Proof. We consider the corresponding totally geodesic map p, we have 

p*u 2 (X, Y) = g 2 (p*X, J 2 p*Y) = g 2 (p*X, p*J x Y). 

Since p is an isometry up to scaling we have that p*u 2 (X, Y) is a 
positive multiple of ui(X, Y) hence p is positive. If we further assume 
injectivity we can conclude that this multiple is non-zero hence p is 
strictly positive. □ 

We will now investigate when compositions of homomorphisms and 
hence of maps are tight. We start with two lemmas from [2]. 

Lemma 3.6. Let f ': G\ — )■ G 2 and h: G 2 — )■ G3 be homomorphisms. 
Assume f is tight. If h is tight and positive or tight and negative then 
ho f is tight. 

Lemma 3.7. Let p: Gi — > G 2 be a tight homomorphism. Then there 
exist a complex structure for X\ such that p is tight and positive. 

The following lemma will be very useful. 

Lemma 3.8. Let f ': G\ — )■ G 2 and h: G 2 — >• G% be homomorphisms. 
Assume G 2 is simple. Then ho f is tight if and only if both f and h 
are tight. 

Proof. Assume ho f is tight. We have 

ll K G 3 || = ||/*^*«G a || < ||^*«G 3 II ^ II^Gall- 

Hence ||/i*kg 3 || = ||/cc? 3 || i- e - h is tight. Since G 2 is simple we have 
H%(G 2 ) = Mkg 2 an d hence h*n G3 = ±^-k G2 . We have 

r G2 

ra^ = \\kg 3 \\ = \\f*h*K Ga \\ = \\ ±f*—K G2 \\ = —\\f*KG 2 \\ 

TG2 ^G2 

Hence ||/*/«g 2 || = r G2 ir = \ \k G2 \\, i.e. / is tight. 
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Assume that / and h are tight. Since G 2 is simple there are only 
two associated complex strutures to it. Hence h is tight and positive 
or negative. Lemma [3.61 then implies that h o / is tight. □ 

What we want is some kind of contrapositive of Lemma 13.61 that 
ho f not tight implies h not tight. 

Lemma 3.9. Let f J : G\ — > (G 2 , J) and h : (G 2 , J) — > G3 be homomor- 
phisms. Assume that f J is tight for all J G J 2 . If h o f J is nontight 
for all J G J 2 then h is nontight. 

Proof. We prove the contrapositive of the statement. If h is tight, there 
is by Lemma 13.71 a complex structure J on X 2 such that h is tight and 
positive. Either J or —J is in J 2 . In the first case h is tight and 
positive hence h o f J is tight by Lemma 13.61 In the second case h is 
tight and negative and again by Lemma 13.61 h o f~ J is tight. □ 

We have the following lemma from [2]. 

Lemma 3.10. Let f:G—t YYi=i^i ^ e a homomorphism, and assume 
the Gj are simple. Let pj : Y\a=i Q — > Gj be the projection maps for 
j = 1, ...,n. Then f is tight if and only if pj o f is tight and positive 
for all j or tight and negative for all j . 

Again we are more interested in when / fails to be tight. For this it 
suffices that one single pj o f fails to be tight. 

Lemma 3.11. Let f : G — >■ H and h: H — > L be homomorphisms 
of Hermitian Lie groups. Assume that h is strictly positive. If f is 
nontight then ho f is nontight. 

Proof. Let H = YYi=i Hi and G = Ylf=i Gj be decompositions of H and 
G into simple factors. Denote by k^, Kjj v Kq. the Kahler classes. We 
have that h*K L = Yji=i ^i K Hi where Yli=i ^i r Hi < r L and all Aj > 
since h is strictly positive. We have f*h*K L = . Aj/ijjK^ where 
Yuj l^ij^Gj < r Hi Now if / is not tight, we have a strict inequality for 
some i. Thus we get \\f*h*K L \\ = Pi^y/«c?J| = M^ij\ r G^ < 
J2i ^i r H,TT < r L TT = f ° h is not tight. □ 

4. Representation theory 

In this section we will recall some facts from representation theory 
that will be needed in section 5. As there are quite a lot of different no- 
tions we start with a subsection going through the basics while settling 
the notation. 

4.1. Notation. Let g be a complex semisimple Lie algebra of rank 
n with root space decomposition f) + X] a eA0a- Here f) is a maximal 
abelian subalgebra, Act)* the set of roots and g a subspaces of g 
such that [H,X] = a(H)X for all H G f), X e g a . There is a subset 
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...,a n } C A called simple roots defined by the property that any 
a G A can be written as a = Y^i=i a i a i with either all Oj nonpositive 
or all a,i nonnegative integers. We get a partial ordering on the set of 
roots by saying that a = Y17=i a * a * > if the a,i > 0, and that a > (3 
if a — j3 > 0. Using the Killing form we define H a by (H a , H) = a(H) 
for all H G t). The coroots are the elements H a = 2 ■ 

A complex representation of g is a homomorphism p: g — >■ gl(V) 
where V is a complex vector space. We will often refer to V as the 
representation. We say that two representations p: g — > gl{V) and 
p : g — > gl{V) are equivalent if p(-) = gp (-)g^ 1 for some g G GL{V). 
A representation is said to be irreducible if the only p(g)-invariant 
subspaces of V are {0} and V itself. An arbitrary representation V 
decomposes into a sum of irreducible ones, though the decomposition 
is not necessarily unique. The equivalence classes of irreducible repre- 
sentations appearing however, are unique. A weight u is an element 
of t)* paired with a subspace V w C V such that p(H)v = us(H)v for 
all v £ V w and H G f). The vector v is called a weight vector. The 
partial ordering of the roots gives us a partial ordering of the weights 
of a representation. An irreducible representation is determined up to 
equivalence by its highest weight. There is a set {u>i, u n } C f)* called 
fundamental weights defined as the dual base of the simple coroots, 
i.e. Ui(H a .) = 5ij. Each weight can be written as a sum of funda- 
mental weights with rational coefficients. We denote such weights as 
w mi ,..., mn = XT=i m ^ and a corresponding weight vector by t> mi ,...,m„- 
We denote a representation with highest weight w mi ,..., m „ by ... m ■ 
We will sometimes refer to it as a representation with highest weight 
(mi, ...,m n ). The H^ey/ group W of acts on [)* and is generated by 
the reflections (5 t— >■ (3 — a G A. To see what weights appear 

in a representation V with highest weight uj one starts by considering 
the set W ■ u. These points are the corners of a convex set C C I)*. 
The weights appearing are those u + ^ajttj, G Z, that lie in C. 
Let p 1 : 0i — > gliV) and p 2 : g 2 — > gl{U) be representations. We will 
denote by p 1 ® p 2 : gi © g 2 - >■ fi^(U ® £7) the representation defined 
by p 1 <S> p 2 (X, Y)v ® u :— p 1 {X)v ® -u + w ® p 2 (F)-u. If p 1 and p 2 are 
irreducible, so is p 1 <8> p 2 . 

The following lemma allows us to use the powerful machinery of 
representation theory of complex semisimple Lie algebras. 

Lemma 4.1. There is a one to one correspondence between complex 
representations of a Hermitian Lie algebra g and complex representa- 
tions of its complexification g c = g £g>R C. 

Proof. Let p: g — > gl{V) be an irreducible complex representation. We 
get the corresponding representation p c : g c — > gl(V), X®z^- zp(X). 
If V has no p(g)-invariant subspaces the action of a larger algebra 
will not have any invariant subspaces. If we instead start with an 
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irreducible representation p: g c — > gl{V) we get a representation of g 
by restriction. Assume p\ is not irreducible, i.e. there is a nontrivial 
subspace W C V invariant under p|(g). Consider the action of p(X®z) 
on a vector w G W . We have p(X®z)w = zp\(X)w. We have p\(X)w G 
W by assumption and hence zp\(X)w G W since is a complex vector 
space. Thus W is p(g c )-invariant contradicting the irreducibility of 



We denote by p mi ...m n the irreducible complex representation of a 
Hermitian Lie algebra g that corresponds the representation m of 

g c 

4.2. On equivalence. It should be remarked that the notion of tight- 
ness is not welldefmed for equivalence classes of representations. We 
illustrate with the following example. Let f,d: su(l, 1) — > su(l, 1) © 
su(l,l) be the homomorphims /(X) = (X, -X*), d(X) = (X,X) in- 
ducing the maps z i— > (z, z) , z i— > (z, z) from D to D x D. The first is 
easily seen to be nontight and the second tight. However, both repre- 
sentations are in the same equivalence class of representations. 

The equivalence class of an irreducible representation p: g — > su(p, q) 
contains at most two equivalence classes of homomorphisms, the (ho- 
momorphism) equivalence class of p and, in the case p = q the (ho- 
momorphism) equivalence class of p composed with 6. Here 6 is the 
antiholomorphic isomorphism of su(p,p) induced by conjugation with 



spond to a tight map. Thus tightness is welldefmed for equivalence 
classes of irreducible representations into su(p,q) by Lemma ESI 

For an equivalence class of a sum of representations we may not be 
able to say that it is tight. We can however say that it contains no 
tight equivalence classes of homomorphisms in the following setting. 
An equivalence class of a sum of irreducible representations p % : g — >■ 
©sii(rj, Si) contains no tight homomorphims if one p % is nontight. This 
follows by Lemma 13.101 This is all we will need. 

4.3. Regular subalgebras. A regular subalgebra of a complex semisim- 
ple Lie algebra g is a subalgebra that agrees with the root space de- 
composition. More precisely, we choose a subset B C A such that 

(1) if a, G B then a-(3^B, 

(2) B is linearly independent in f)*. 

Let C = Y2 a &B ^ a ^ ^ an d define the subalgebra 



We say that a subalgebra of g is a regular subalgebra if it can be con- 
structed in this way. For a real semisimple Lie algebra g we say that a 



□ 
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subalgebra g' is regular subalgebra if it can be written as g' = Q C (B) fig 
where g c (-B) is a (complex) regular subalgebra of the complexifaction 
C - 

For Hermitian Lie algebras we would like regular subalgebras to be 
of Hermitian type also. We can ensure this by adding the condition 
that 

(3) each connected component in the Dynkin diagram of B contains 
exactly one noncompact root. 

4.4. Decomposing representations. 

Lemma 4.2. Let p: g — > gl(V) be a complex representation of a Her- 
mitian Lie algebra g containing only su(p, q) and sp{2m) as simple 
factors. Then there exists an indefinite Hermitian form on V that is 
invariant under p(g). 

For g simple this can be seen by realising an irreducible representa- 
tion as a subspace V of the standard representation tensored to some 
power. The standard representation carries a Hermitian form which 
has a natural extension to the tensor product. Then one has to check 
that the highest weight vector is not a null vector. From this it is not 
hard to deduce that the whole space V must be nondegenerate. The 
general case follows from that irreducible representations of semisimple 
algebras are tensor products of the the representations of the simple 
factors. The following theorem together with Lemma 13.101 allows the 
reduction to homomorphisms which are irreducible when considered as 
representations. 

Theorem 4.3. Let U be a complex vector space equipped with an indef- 
inite Hermitian form F. Further let p: g — >■ su(U,F) be a homomor- 
phism, with g containing only su(p, q) and sp{2m) as simple factors. If 
p is not irreducible viewed as a representation on U there is a decom- 
position U = 0™ =1 Ui such that F\ Vi is nondegenerate for all i. This 
means that p = (p 1 , p n ): g — > @^ sw(rj, Sj) C su(U,F) where the 
inclusion is holomorphic and all p l are irreducible representations. 

Proof. Start with an arbitrary decomposition into irreducible invariant 
subspaces U = © ie/ U. There are two possibilities, either F\ v . is 
degenerate for all % or there exists some % such that it is nondegenerate. 
In the second case we claim that U[~, the orthogonal complement of 
Ui, is an invariant subspace. Taking v G U^~, we have 

(4.1) = F{p(X)u, v) + F(u, p(X)v) = F(u, p(X)v) 

for all u G U, since Ui is invariant. This proves the claim. We can now 
take a decomposition of into irreducible subspaces to get a new 
decomposition of U = U ©- 1 Vj. Here Q) ± denotes a direct sum 

that is orthogonal with respect to F. Repeating this process we get, 
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with some reindexing, U = U\ Q) ± ... 85 1 U n ©- 1 ©, e j' Vj where all the L/j 
are nondegenerate and all the Vj are degenerate irreducible subspaces. 

Our next claim is that for an irreducible degenerate space Vj we have 
F\y. = 0. Since F\y. is degenerate we have v G Vj such that v JL Vj. If 
dim(Vj) = 1 we are done, if not let X G g be such that p(X)v G" Gu. 
We have that = + F(v,p(X)u) = F{p{X)v,u) for all 

u G Vj, which means that p(X)v _L Vj. Using the fact that Vj is 
irreducible and repeating this process we can conclude that Vj _L Vj. 

Since F is a nondegenerate form there must be some k G I such 
that Flv^eVfe ^ 0. We claim that i^lv^evj. is nondegenerate. Assume 
otherwise, then there are vectors Uj G Vj and G 14 such that Wj + 
Uk -i- Vj Q) Vfe. We have = Ff/Uj + u) = F(v,j,u) for all u G 14 
which implies «j _L 14 • We have further 

(4.2) = F(p(X) U j, u) + F( Uj , p(X)u) = F(p(X) Uj , u) 

for all u G 14 which means that p(X)uj _L 14. Repeating this we get 
Vj J_ Vk which means Fl^ev*, = contradicting our assumption. 

So the situation is that we have two irreducible invariant degenerate 
spaces V, W such that ^©VF is nondegenerate. We claim that dimV = 
dimW =: n and that the signature of F\y^w is (n,n). This follows 
from that the maximal dimension of a null subspace of a space of 
signature (p,q) is min(p,q). 

From Lemma 14.21 we know that there exists an indefinite Hermitian 
form Fy of say signature (p, q) on V invariant under p(g). Take a basis 
{fi}™ =1 for V orthonormal with respect to Fy with the first p vectors 
positive, and let {Wj}"j =l be some choice of basis for W. Representing 
F as a matrix with respect to the basis {vi, ...,v n , w[, ...,w' n } we have 

F(ui,u 2 ) = u\ ( ^ ^ ^ m 2 for some invertible matrix C. Choosing a 
new basis {wj = C _1 Wj}" =1 for VF we can represent F with the matrix 
( j q V An arbitrary element leaves the subspaces V and VF 

invariant. This means it is of the form p(X) = ( ^ ^ ^ .It preserves 

the form F which implies that B = —A*. We have further that A pre- 

( K Z 

serves the form Fy which means that A is of the form A = 



Z* L 

with K G M p>p (C),L G M M (C) skewsymmetric and tr(if + L) = 0. 
Now consider the following basis, let {ei, ...,e 2n } = {v\ + Wi, ...,v p + 
w p ,v p+1 -w p+1 , ...,V n -W n ,Vx-Wx, ...,v p -w p ,v p+1 + w p+1 , ...,v n +w n }. 

( K Z \ 
^* LOO 

With respect to this basis we have that p(X) = K Z 

y Z* L J 
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We see that the subspaces spanned by {ej}™ =1 and {e 3 }|" n+1 are in- 
variant and a quick calculation shows that they are nondegenerate. 
We have now established an inductive procedure of picking out orthog- 
onal nondegenerate subspaces out of an arbitrary decomposition. This 
proves the theorem. □ 

4.5. Criteria for tightness. In each Hermitian symmetric space X 
we can holomorphically and isometrically embed W x , the product of 
Tx Poincare discs D, where rx is the rank of X. Composing this em- 
bedding with the diagonal embedding d: D — y W x we get a tight and 
holomorphic map from D into X known as a diagonal disc. These maps 
are tight and play an important role in the following theorem from [2J. 

Theorem 4.4. Let p: Qi — y q 2 be a homomorphism between Hermitian 
Lie algebras. Further let di\ su(l, 1) —y Qi be homomorphisms corre- 
sponding to diagonal discs. Then p corresponds to a tight and positive 
map if and only if 

(pd\Z m (x^ : Z 2 ) = (^2^(1,1,), Z 2 ) 



Combining Theorem 14. 41 with Lemma I3TT1 we have the following corol- 
lary. 

Corollary 4.5. Let p: (gi, J) — y q 2 be a homomorphism between Her- 
mitian Lie algebras. Further let df: su(l, 1) —y Qi and d 2 : su(l, 1) —y 
q 2 be homomorphisms corresponding to diagonal discs. Then p corre- 
sponds to a tight map if and only if there is a J G J x such that 

\{pd{Z su (i i i), Z 2 }\ = \(d 2 Z su (i t i : ), Z 2 )\. 

Theorem 4.6. Let p: Q — y su(r,s) be a homomorphism and an irre- 
ducible representation, where q is a Hermitian Lie algebra with sim- 
ple factors of type su(p,q) and sp{2p). Further let i: go Q be a 
tight, injective and holomorphic homomorphism, where go — su(l, 1) or 
su(l, 1) © su(l, 1). Let po l = ^2 p l be a decomposition into irreducible 
representations. Each p l defines a homomorphism p l : g —y su(rj,Sj) 
for some (r^s,). If there is one nontight p % then p is nontight. 

Proof. By Theorem 14.31 we can factor potas 

g su(r, s) 

T,p i 

0o ®su(ri, si) 

with l injective and holomorphic. Lemma [3.51 thus implies that i is 
strictly positive. If there is one p l nontight Lemma 13.101 implies that 
^2 P % is nontight. Lemma [3.111 then implies that i o p % is nontight. 
Since the diagram commutes this implies that p o i is nontight. Next 



we want to apply Lemma 13.91 to conclude that p is nontight. This 
requires that we can construct tight homomorphisms i 3 : g — > (0, J) 
for all J G J such that p o t J is nontight. Let = 0i © ... © 0„ be 
a decomposition into simple factors and J = (Ji,...,J n ) the original 
complex structure for which i = (ii,...,L n ) is tight and holomorphic. 
We show that changing complex structure in one simple factor, say 
to J = (— Ji, J2, ■ J n ) we can construct i such that i: go — > (0, J) is 
tight and such that p o I is equivalent to p o 6 as a representation. By 
the previous argument this means that p o I is nontight. We can then 
construct l j for any J G J by changing the complex structure in one 
factor at a time. 

Let 0: go ~~ >* So be the antiholomorphic isomorphism. We construct 
our new tight and holomorphic embedding t :— (ti o 9, t 2 , •••> t n ) : 0o - >• 
( ,J). Define/: O ©0 O ^0, (X, y) ^ (n(X), i 2 (Y), i n (Y)). We 
can factor our embeddings 1 = f o (id, Id), i = f o (6, Id). We need to 
show that the representations po 1 = po f o [Id, Id) and po 1 = po f o 
(9, Id) are equivalent. With the factorisations we see that it is sufficient 
to show that 77 o (Id, 7c?) is equivalent to 77 o /<i) for a representation 
^: 0o © 0o — >■ Let 0o = su(l,l) © s«(l,l). An irreducible 

representation (p^, of su(l, 1) is the restriction of an irreducible 
representation of sZ(2,C). V fc decompososes as = ® k j =Q Vk-2j with 

Pk(H)vi = ilv\ for G VJ and H = i ( J ^ ^ G sw(l, 1). An 

irreducible representation of 0q 2 = su(l, l)® 4 is the tensor product of 
four irreducible representations of su(l, 1), i.e. 77 = p kl © pfc 2 © pk 3 © 
p fc4 : sw(l, l)® 4 -> #Z(y fel © K fc2 © \/ fe3 © \/ fe4 ). We show that any weight 
space for 77 o (7<i, id) appears for 77 o Id) too. For each weight space 
V a © H © V c © K d of 77 there is also V^_ a © V- h © V c © V^. We have 

77 o (Id, Id) (if, H)v aAc4 = r](H, H, H, H)v aAc4 
= Pki © Pk 2 © Phi © Pfc 4 (#> H)(v a ®v b ®v c ® v d ) 
= p kl {H)v a © v b © w c © v d + ... + v a © v b © w c © p k4 (H)v d 

= i(a + b + c + d)v aAc>d 

and 

77 o (0, fl>-«,-&,c,d = ti(-H, -H, H, H) 

= pk x © pk 2 © Pfc 3 ® Pk 4 (-H, -H, H, H)(v_ a © ?j_ 6 © v c © u d ) 
= p kl (-H)v- a © u_ 6 © w c ©f d + ... + © v- b © w c © p ki {H)v d 

= i(a + b + c + d)v- a _6, c ,d 

Hence as representations of sm(1, 1) © 1), (77 o (Id, Id), V kl © ... © 
V fc4 ) and (77 o Jd) ; V^ fcl © ... © V ki ) decomposes into the same weight 
spaces. This implies that they are equivalent representations. The case 
0o = su(l, 1) is done in the same way. □ 
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We now have the tools we need to determine if a representation cor- 
responds to a tight map. We will also need the following elementary 
fact about holomorphic maps between Hermitian symmetric spaces. It 
says roughly that if a map between two irreducible Hermitian sym- 
metric spaces is holomorphic in one direction, it is holomorphic in all 
directions. 

Theorem 4.7. Let p: $ji — > g 2 be a homomorphism between simple 
Hermitian Lie algebras. If there is one nonzero vector X G pi such 
that p([Zi,X]) = [Z 2 , p(X)} then this is true for all X G pi. 

Proof. Consider X' = [Y, X] for some Y £ ti. Using that Zi is in the 
center of tj and the Jacobi identity we have 

p{[z u x'\) = p ([z 1 ,[y,x]}) = - p ([x,[z 1 ,y}] + [y,[x,z 1 ]}) 

= p{[Y,[Z u X}]) = [p(F),p([Zi,X])] = [p(Y),[Z 2 ,p(X)}} 
= -[p(X),[p(Y),Z 2 \\ - [Z 2 ,[p(X),p(Y)\\ = [Z 2 ,p([Y,X\)\ 
= [Z2,p(X')\. 

We thus have that p is holomorphic in the X'-direction. The fact that 
px is an irreducible representation of £i now proves the theorem. □ 

5. Some key low rank cases 

5.1. Representations of su(l, 1). The root system of sl(2, C) is A = 
{a, —a} and the fundamental weight is ui — |. The irreducible complex 
representation of highest weight k can be realised as the symmetric 
tensor product V &k of the standard representation V ~ C 2 . Restricting 
these representations to the real form su(l, 1) we get the irreducible 
complex representations of su(l, 1). Let &k be the symmetric group. 
It acts on V® k by permuting the factors. For v,w G V we define 

v l w k ~ l := y~] a(v <S> ■■■ ® v <S> w ® ... ® w) G V ek 

where there are / copies of v and k — I copies of w in the product. 
Let {ei,e 2 } be an orthonormal basis for V with respect to F, the 
Hermitian form invariant under su(l, 1), e\ being positive and e 2 neg- 
ative. We can extend F to a Hermitian form on V® k in the nat- 
ural way, F(vi <S> ••• ® v k ,wi <S> ••• <8> Wk) '■= Hi F( v u w i)- su(l,l) 
preserves this form. If k — 21 is even we have an orthogonal ba- 
sis {/ , /i, f k ) = {e k , e k - 2 e 2 2 , e k , e^ 1 e 2 , e k ~ 3 el e^ 1 } for V Qk 
with {/ , /i, //} positive and {/ J+1 , / J+2 , f k } negative. Hence F is 
of signature (1 + 1,1) and the representation defines a homomorphism 
into su(l + 1,1). If k = 21 — 1 is odd we have an orthogonal ba- 
sis {h,...,h k+1 } = {ef-\ef- 3 el..., ei el l -\ef- 2 e 2 ,ef- 4 el,...,el 1 - 1 } 
for V Qk with {hi, h 2 , hi} positive and {/fy+i, hi +2 , h k } negative. 
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Hence F is of signature (I, I) and the representation defines a homo- 
morphism into su(l, I). 

Theorem 5.1. Let p^: su(l, 1) — > su(p, q) be a homomorphism and an 
irreducible complex representation of highest weight k. Then pk is tight 
if and only if k is odd. 

Proof. To see if these representations are tight we need to calculate the 
image of the complex strucuture. With respect to the basis {ei, e 2 } we 

can write the complex structure as the matrix Z = ~ ( J ^1 ) ^ 6 

action on V Gk is p fc (Z)(e^" m e™) = \(k - 2m))(efe^ m ). With respect 
to the basis {/j} we get the matrix Pk(Z) = |diag(/c, k — 4, —k, k — 

2, k — 6,..., 2 — k) = | ( ^ g J for k even. The block form is 

with respect to the positive respectively the negative base vectors and 
will be used later. For k odd we get Pk(Z) = |diag(A;, k — 4,..., 2 — 

k, k — 2, k — 6, ...,—&) = f ^ ^ ^ J for k odd. For su(n,n) the 
complex structure is Z n>n — | ( J 1 an< ^ ^ or + l' n ) ^ * s 

Z n ,n+i = 2^TT ^ n "^™ +1 ^ ^ ^ J . A quick calculation shows that 

\{p2i-idiZ,Zi t i)\ = \(d 2 Z,Zi t i)\ and \(p 2 id 1 Z, Z i+h i)\ ^ \(d 2 Z, Z l+hi )\. 
Hence by Corollary 14.51 pk is tight if and only if k is odd. □ 



5.2. Representations of su(l, 1) © su(l, 1). An irreducible represen- 
tation (p, W) of sw(l,l) © su(l,l) is the tensor product of two irre- 
ducible representations (pk, V) and (pi, U) of su(l, 1). If V is equipped 
with a sw(l, l)-invariant Hermitian form of signature (a, h) and {7 one of 
signature (c, d) then V^® H 7 has a canonical sit(l, 1) ©sw(l, l)-invariant 
Hermitian form of signature (ac + bd, ad + bc), so p defines a homomor- 
phism into su(ac + bd, ad + 6c). 

Theorem 5.2. Let p = pk ® pv- su(l, 1) © s«(l, 1) — > sw(r, s) 6e a 
homomorphism and an irreducible complex representation. Then p is 
tight if and only if k is odd and I = or vice versa. 

Proof. Let i\ denote the diagonal embedding of su(l, 1) into su(l, 1) © 
su(l, 1), X i — y (A, X), and i 2 the map X ^ (A, -A* r ). Then i x is tight 
for su(l, 1) © su(l, 1) equipped with the complex structure (Z, Z), and 
l 2 is tight for su(l, 1) © sw(l, 1) equipped with the complex structure 
(Z,-Z). 

We first consider the case k, I both odd or both even. Composing 
poa we get a representation of su(l, 1) that decomposes into irreducible 
representations of highest weights k+l, k+l—2, \k— 1\, see [U p. 332]. 
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All of these are of even highest weight hence p is nontight Theorem 15.11 
andiJU 

Now consider the case of I = 2p — 1 odd and k = 2q even. We have 
that (r, s) = (p(q+l)+pq,pq+p(q + l)) = (2pq+p,2pq+p). Depending 
on the choice of complex structure on su(l, 1) © su(l, 1) we have two 
different diagonal discs L\ and i2- We will now choose a natural basis for 
V in terms of the bases {fj},{hi} defined in the previous subsection. 
We do this so that the first 2pq+p vectors are positive and such that we 
can easily see how su(l, 1) acts by considering various tensor products 
of A k , B k , Ci, Di, the matrices defined in the proof of Theorem 15.11 with 
appropriately sized identity matrices. Let 

i e t+ P j} = {fj®hi\i = l,...,p,j = 0, ...,q}, 

{e i+pj - p } = {f j ®h i \i = p+l,...,2p,j = q+l,...,2q}, 

{e i+pj+ 2p q } = {fj®hi\i = p+l,...,p,j = 0,...,q}, 

{e i+pj+p+pq } = {fj <g> hi\i = l,...,p, j = q + l,...,2q}. 

With this choice of basis we get the following matrix description 

p o i x {Z) = -diag(A k ®I P + I q+1 g> G h B k ®I P + I q ® D h 
A k ®I p + I q+1 g> D h B k ®I p + I q ® Ci). 

Therefore 

(p o Lx(Z), Zj(2fc +1 ) j j( 2 fc+i)) = ~{tr(A k )p + tr(Ci)(q + 1) + tr(B k )p + tr(D t )q 

tr(A k )p - tr(A)(g + 1) - tr(B k )p - tr(d)q) 

= \(tr(Q)-tr(D l ))= 1 -(p-(-p)) = ^. 

For the other choice of complex structure we have the matrix de- 
scription 

p o l 2 (Z) = -diag(A k <g> I p + I q+1 ® -C h B k ® I p + I q ® -D u 
A k ®I p + I q+1 ® -D u B k ®I p + I q ® -Ci) 

Thus 

(p o t 2 (Z), Zj( 2 fc+i),i(2fc+i)) = ~(£r(Afc)p - tr(Ci)(q + 1) + tr(B k )p - tr(D t )q 

-tr(A k )p + tr{Di){q + 1) - tr(5 fc )P + tr(C,)g) 
= ~(*r(C0+MA)) = -|. 

We have 

(d(Z), £p(2g+l),p(2g+l)) = (-Zp(2g+l),p(2g+l)> ^p(2g+l),p(2g+l)) = + 

From Corollary 14. 51 we have that p is tight if and only if | = |(2g + 1) 
or equivalently k = 2q = 0. 
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□ 

5.3. Representations of sp(A, R). For sp(4, C) we have the root sys- 
tem A = {±ai, ±ot 2 , ±(«i + «2) ? ±(2«i + a 2 )}. We differ from the 
notation in [7] and [9] and let o 2 denote the longer noncompact simple 
root. We have the fundamental weights oj\ = 2ai + Q2 and Co> 2 = ot\ + a: 2 . 
From [TT], [7J we know that the only irreducible representation corre- 
sponding to a holomorphic map is p w and that this map is tight. 

Theorem 5.3. Let p: sp(4, R) —> su(p,q) be a homomorphism and 
an irreducible complex representation. If it is tight then it is (anti-) 
holomorphic. 

Proof. From [7J we know that there are two tight regular subalgebras of 
sp(4, R). The first is g(ai+a 2 ) — su(l, 1) and the second is 0({o 2 , 2ai+ 
"2}) = 0(012) © fl(2ai + a 2 ) ^ s«(l, 1) © stt(l, 1) 

We divide the representations into two types. The first type are 
the representations with highest weight (0,/). The second type is the 
remaining representations, with highest weight (k, I) where k 7^ 0. We 
exclude the case (k, I) = (1, 0) which is tight and holomorphic. 

To see that a representation of the first type is nontight we restrict it 
to the tightly embedded regular subalgebra g(ai + a 2 ). We then move 
over to the complexification of the algebras and the representation. We 
have p c (if Q , 1+Q , 2 )t> 0) i = l{a,\ + « 2 )(-ff ai + Q2 )fcM = 2/t>oj. So we know that 
p c branches into at least one representation of 0(0:1 + a 2 ) c with even 
highest weight. By Theorem 15. II and 14.61 this means that p is nontight. 

To see that a representation of the second type is nontight we con- 
sider the restriction to the regular subalgebra g(2ai + a 2 ). Again 
we move over to the complexifications and we have p c (H2 ai +a 2 ) v k,i — 
(fc 2 " 1 ^" 2 + l(ai + a2))(H 2ai+ a 2 ) v k,i = (k + tyvkj. We also have a weight 
u)k,i-i which when restricted to the subalgebra becomes k+l — 1. One of 
these numbers is even. If it is k + l we know that it is even and nonzero, 
if it k + l — 1 we know that it is nonzero since (k, I) = (0, 1) is of the first 
type and (1,0) excluded. This means that when we branch p to the sub- 
algebra 0(0:1) © 0(01 + 2o 2 ) there will appear even j:s in the decompo- 
sition p|g( ai )e (ai+2a 2 ) = E(i,i)e/ P* ® Pi : X ) ® SM ( X ' X ) su & 
By Theorem 15.21 and 14.61 this means that p is nontight. □ 

5.4. Representations of sp(4, R) © su(l, 1). 

Theorem 5.4. Let p = p {j © p k : sp(4, R) © su(l, 1) — > su(p,q) be a 
homomorphism and an irreducible complex representation. Then p is 
tight if and only if 

) (0, 0, k) with k odd. 

In particular, this means that there are no injective, non-holomorphic 
tight p. 
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Proof. By our previous analysis of representations of sp(4, M) we know 
that if is not equal to (1,0) or (0,0) then either 

(1) there exists a diagonal disc d: su(l, 1) — >■ sp(4,IR) such that 
Pij o d = ^2 pi with some I even and nonzero or 

(2) there exists a tight and holomorphic embedding /: su(l, 1) © 
su(l, 1) —> sp(4, R) such that pjj ° f = Pi ® Pm with some Z 
even and nonzero. 

In the first case we consider the composition 

{pij®Pk)°{d®Id)\ su(l, l)©su(l,l) -»■ sp(4,R)©stt(l,l) -> su(p,q). 

Since (p^ g) p&) o (d®Id) = Y Pi® Pk with some / even and nonzero it is 
nontight by Theorem 15.21 This implies that p is nontight by Theorem 
WE 

In the second case we begin by defining 
h: su(l, 1) ® 1) sp(4,R)©su(l,l), (X, F) ^ (/(X,F),F). 
This a tight and holomorphic embedding. We have 

p o fcpc, f) = Pij ® Pfc (/(x, f), F) = ^ A ® Pm ® Pfc (x, f, f). 

However, p m <g) p fc (F, F) is not irreducible and can thus be written as 
Y Pi(F). Continuing we have 

J^Pi® Pm® Pk(X,Y,Y) = J2pi ®Pi(X,Y). 

Since some / is even and nonzero we know by Theorem 15.21 and 14.61 
that p is nontight. That the map is tight for the remaining cases 
(i,j,k) = (1,0,0) and (0,0, odd) follows from the classification in [7] 
and [2]. □ 

5.5. Representations of su(2, 1). Let su(2, l) c = sZ(3,C) = t) + 
X] Q £A q be a root space decomposition of sl(3, C). Here A = {±cti, ±a 2 , 
0:2)} where cti is chosen as the noncompact simple root. The funda- 
mental weights are U\ = 2ai+ai2 and u 2 = 011+2012 . The Weyl group 
of sl(3, C) consists of six elements. These send a weight Uk,i to Uk,u 
w_ fc _ ZjZ , ui-k-i, w-fe,fc+i, and w_j _ fc respectively. 

We recall from [TT] that the only irreducible representations of su(2, 1) 
that are (anti-) holomorphic have highest weight (1, 0) and (0, 1) and 
that these are tight [7] . From [7] we know that there is a tight regular 
subalgebra fl(ai) = su(l, 1). 

Theorem 5.5. Let p: su(2, 1) — > su(p,q) be a homomorphism and 
an irreducible complex representation. If p is tight then it is (anti-) 
holomorphic. 

Proof. Let pki be an irreducible representation of su(2, 1) with k + 
I > 2. We restrict this representation to g(ai). We now look at the 
complexifications p^ and Pki\g c (ai) to see which weights appear. We 
divide our analysis of the branching into two cases. 
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In the first we assume that either k = or I = 0. Between the weights 
Uk t i and U-i-k are the weights u)k,i — n(a,\ + a 2 ) = u)p.,i — n(ui + w 2 ) = 
Uk-n,i-n for n = 1, k + I. Since + I > 2 we have in particular that 
the weights u^-i^-i and u>k-2,i-2 appear in the representation. Assume 
I = 0, we have that Uk,i(H ai ) = k and cjfc_i > i_i(if ai ) = k — 1. One 
of these integers must be even and nonzero since k > 1. If instead 
fc = we have Uk-2,i-2(H ai ) = —2. This means that p| g ( ai ) contains 
irreducible representations of even highest weight. Hence p is nontight 
by Theorem 15.11 and 14.61 

We now consider the case k 7^ 0, I 7^ 0. Between the weights 
and Uk+i-i are the weights u kil - na 2 = u k ,i ~ n(2u 2 - u x ) = u k +n,i-2n 
for n = 1, Since I > 1 we have in particular that the weight 
Uk+1,1-2 appear in the representation. We have that u)k,i{H ai ) = k and 
cjk+i,i-2(H ai ) — k + 1 and that one of these integers must be even and 
nonzero since k > 1. Again this implies that p is nontight by Theorem 
OandEHJ □ 

6. Proof of Main Theorem 

Before proving Theorem 11.11 we recall the following two theorems 
that are consequences of the classification in [7j. 

Theorem 6.1. We can in each simple Hermitian Lie algebra Q 7^ 
su(l, 1) embed tightly and holomorphically either sp(4), sp(4) ©sw(l, 1) 
or su(2, 1). 

Theorem 6.2. Each classical simple Hermitian Lie algebra of tube type 
can be tightly and holomorphically embedded in su(n,n) for some n. 

We will also need the following theorem from [2]. 

Theorem 6.3. Each Hermitian Lie algebra Q contains a tightly and 
holomorphically embedded subalgebra q t of tube type with rank(Q T ) = 
rank(g). This subalgebra is unique up to inner automorphisms of q. 
Further, if q is of tube type and p: q — )■ g is a tight homomorphism 
then p(g') C g T . 

Having covered a few key low rank algebras in the previous section 
we will use these prove our main theorem. We will do this through a 
series of lemmas. 

Lemma 6.4. Let p: g — > su(p,q) be a homomorphism between simple 
Hermitian Lie algebras, where g 7^ su(l, 1). // p is tight then it is 
(anti-) holomorphic. 

Proof. By Theorem 16.11 we can by some 1 tightly and holomorphically 
embed g = su(2, 1), sp(4,M) or sp(4, R) © su(l,l) depending on g. 
Let us first treat the cases g = su(2, 1) or sp(4,R). If p is tight 
and nonholomorphic, we have by Lemma 13.81 thatp o 1 is tight and by 
Lemma 14.71 nonholomorphic. This contradicts either Theorem 15.51 or 
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15.31 depending on g . Therefore, if p is tight it must be holomorphic. 
Now consider the case g = sp(4, R) © su(l, 1). Assume p tight and 
nonholomorphic. Lemma [4. 71 implies that both 

p o l\ : sp(4, M.) su(p, g) and 
p o l\ : s«(l, 1) — > su(p, q) 

are nonholomorphic. However, by the classification of tight representa- 
tions of sp(4, M) ©sm(1, 1) in Theorem 15.41 we know that these are sums 
of representation of the form p 00 © p Q M and p w © p . Neither p o © p dd 
nor piQ © po is nonholomorphic in the sp(4, R)-factor contradicting our 
assumptions of p being nonholomorphic. □ 

Lemma 6.5. Let p: Qi — > Q2 be a homomorphism between simple Lie 
algebras. Assume that Q2 is classical and that g\ 7^ su(l, 1) and of tube 
type. If p is tight then it is (anti-) holomorphic. 

Proof. From Theorem 16.31 we know that if p is tight then g2 contains a 
subalgebra gj °f tube type containing the image By Theorem 16.21 
we know that such g^ can be tightly and holomorphically embedded 
by some 1 into su(n,n) for some n. If p is tight and nonholomorphic, 
we get by Lemma 13.81 that 1 o p is tight and nonholomorphic. This 
contradicts Lemma [6.41 □ 

Lemma 6.6. There are no tight homomorphisms p: su(n, 1) — > so*(2p) 
for n > 2, p > 4. 

Proof. Consider the composition pot: su(2, 1) — > su(n, 1) — > so*{2p) 
where l is the canonical tight inclusion. Then p is tight if and only if 
p o 1 is tight. This reduces our search of tight homomorphisms to the 
case n = 2. 

If p is even we consider the composition top: su(2, 1) — > so*(2p) — > 
so*(2(p + 1)), where 1 is the canonical tight inclusion. Then p is tight 
if and only if 1 o p is tight. This reduces our search of tight homomor- 
phisms to the case p > 5 and odd. 

Consider the restriction of p to a tightly embedded regular subalgebra 
isomorphic to su(l, 1), as in the proof of Theorem [331 Assume that p is 
tight. Then the image of su(l, 1) is contained in a maximal subalgebra 
of so*(2p) that is of tube type by Theorem 16.31 From [7] we know 
that this algebra is so*(2(p — 1)). This algebra can be tightly and 
holomorphically embedded in su(p — l,p — 1). We can extend this to 
a homomorphism i: so*(2p) — > su(p,p), though this extension is not 
tight. We get the following commutative diagram of homomorphisms. 

su(2, 1) — 9- so*(2p) >- su(p,p) 

H 12 13 

su(l, 1) — i so*(2(p - 1)) — su(p — l,p — 1) 
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We have by Lemma 13.81 and commutativity of the diagram the fol- 
lowing equivalences: 

p tight p o n tight <^ 6 2 o p\ tight <^ p\ tight ^ i\o p\ tight 

As a representation, i is just the the standard representation. So, as 
a representation i| o p\ decomposes into the same irreducible parts as 
p\. Since it is tight, we have by Theorem 15.11 the decomposition into 
irreducible representations 



k odd 

Here the n k denote the multiplicities of the representations. Composing 
with l% adds two trivial representations 



From the proof of Theorem l5.5l we know that the only representations of 
su(2, 1) that branches into odd- and zero- highest weight representations 
when restricted to su(l,l) are pio, poi an d poo- The first two both 
branch into pi + p and the last one to p when restricted to su(l, 1). 
Thus p is of the form p = kp w + (n — k)p 01 + lp 00 . We get i o p o i x = 
npi + {n + l)p . Since the diagram commutes we get 



Thus rti = n, n + 2 = n + I and n k = for k ^ 1, 0. Since i\ o p| is 
tight we have that n\ — n — p — 1, for dimensional reasons we have 
3n + I = 2p. These together give us p — 3 + / = 0. But p > 5 and / is a 
nonnegative integer. We thus get a contradiction. Hence p can not be 
tight. 



Proof of Theorem \l.ll The case remaining is homomorphisms p : Qi — > 
02 where Qi is not of tube type. Consider first the case rank(Qi) > 2. 
From Theorem [63] we know that Qi contains a tightly and holomorphi- 
cally embedded subalgebra gf of tube type with rank(gf) = rank(Qi). 
Lemma 16.51 together with Lemma 13.81 then proves that if p is tight it 
must be holomorphic. 

If rank(Qi) = 1 it must be isomorphic to su(n, 1) for some n > 2. 
We can then tightly and holomorphically embed su(2, 1) in su(n, 1). 
Lemma 13781 then allows us to reduce to the case p: su(2, 1) — > $j 2 - We 
first consider the case when $j 2 is of tube type. Then we can embed it 
tightly and holomorphically in some su(n, n). Lemma I3T81 and Theorem 
15.51 then implies that if p is tight it must be (anti-) holomorphic. If g 2 
is not of tube type there are two possibilities. Either g 2 is su(p, q) with 
p > q or it is so*(2p) with p odd. The first case is covered by Theorem 




Lz oi\op\= ^ n k p k + (n + 2)p . 
k odd 



npi + (n + l)p = 22 n kPk + (no + 2)p - 
k odd 



□ 
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15.51 Since so* (6) ~ su(3, 1) we can assume p > 5 in the second case. 
It is thus covered by Lemma WM □ 

Proof of Theorem ! Assume that p: g — > e 6 (_ 14 ) is tight and non- 
holomorphic. Let g T be a maximal tube type subalgebra of g , tightly 
and holomorphically embedded by Theorem 16.31 Since p is tight, 
p\ : g T —> e 6 (_i4) is tight. By Theorem 16.31 p(g T ) C e£_ 14 j, where 
e 6(-i4) * s a m aximal tube type subalgebra of e 6 (_i 4 ). Since e 6 (_i 4 ) is not 
of tube type e^_ 14 ^ is a proper subalgebra and hence must be classical. 
Then p\ : g T — > e^_ 14 \ is tight, nonholomorphic with g T of tube type 
and eL 4 i classical. This contradicts Lemma 1631 □ 

References 

[1] Burger, M. and A. Iozzi, A. Wienhard Surface group representations with 

maximal Toledo invariant Ann. of Math., 172 (2010), 517-566. 
[2] Burger, M. and A. Iozzi, A. Wienhard Tight homomorphisms and Hermitian 

symmetric spaces Geom. Func. Anal., 19 (2009), 678-721. 
[3] Burger, M. and N. Monod Continuous bounded cohomology and applications 

to rigidity theory Geom. Funct. Anal., 12 (2002), 219-280. 
[4] Clerc, J. L. and B., 0rsted The Gromov norm of the Kaehler class and the 

Maslov index Asian J. Math., 7 (2003), 269-296. 
[5] Domic, A. and D. Toledo, The Gromov norm of the Kaehler class of Sym- 
metric Domains Math. Ann.,276 (1987), 425-432. 
[6] Hall, B. C, "Lie groups, Lie algebras, and Representations An Elementary 

Introduction", Springer , 2003. 
[7] Hamlet, O., Tight holomorphic maps, a classification Preprint, 

|http://arXiv.org/abs/1110.5443vl| . 
[8] Helgason, S., "Differential Geometry, Lie Groups, and Symmetric Spaces" 

Am. Math. Soc, 2001. 
[9] Ihara, S., Holomorphic embeddings of symmetric domains J. Math. Soc. 

Japan, 19 (1967) 261-302. 
[10] Monod, N., "Continuous bounded cohomology", Springer- Verlag, 2001. 
[11] Satake, I., Holomorphic embeddings of symmetric domains into a Siegel 

space Am. J. Math., 87 (1965) ,425-461. 

Department of Mathematics, Chalmers University of Technology 
and the University of Gothenburg, 412 96 GOTEBORG, SWEDEN 
E-mail address: hamlet@clialmers.se 



